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PREFACE

Dear Collcagues,

The University of Ni§ was founded more than 30 years ago and nowadays consists of
ten facultics: the Faculty of Civil Enginecring, the Faculty of Electronics, the Faculty of
Mecchanical Engincering, the Faculty of Technology, the Faculty of Economics, the
Faculty of Law, the Faculty of Medicine, the Faculty of Philosophy, the Faculty of
Occupational Safety and the Teacher-Training Faculty.

In 1985, the administrative bodies of the University initiated the publication of the
scientific journal FACTA UNIVERSITATIS. According to the criteria adopted, the
scientific papers accepted for publishing in the Journal must be reviewed and written in
English, French, German or Russian language. The Journal is anticipated to appear
periodically through several series covering major disciplines studied at the University.
Accordingly, the Journal is conceptualized as a compilation of 14 separate serics:

Series | Economics and Organization

Series 11 Electronics and Energetics

Series 111 Philosophy and Sociology

Series IV Physical Education

Series V Physics, Chemistry and Technology

Series VI Architecture and Civil Engineering

Series VII Cybernetics and Communications

Series VIII Linguistics and Literature

Series IX Mechanical Engineering

Series X Mathematics and Informatics

Series X1 Medicine and Biology

Series XII Mechanics, Automatic Control and Robotics
Series XIII Law and Politics

Series XIV Protection of Working and Living Environment

The Untversity Library "Nikola Tesla" maintains the exchange of the published series
for more than 200 similar scientific periodical titles from more than 25 countries from all
over the world: Austria, Belgium, Bulgaria, Denmark, Finland, France, Greece, Sweden,
Brazil, U.S.A., Canada, Japan, China, Taiwan, Malaysia, New Zcaland etc.

The duties of the editor-in-chief were formerly performed by Prof. dr. Radosav
Djordjevic (1985-1987) and Prof. dr. Gradimir Milovanovic (1987-1989).

The Series "Mechanics, Automatic Control and Robotics" is aimed at publishing
scholarly papers in the ficld of theoretical and applied mechanics and general engineering
knowledge fundamental for mechanical engineering, electrotechnics and civil engineering
in the area of dynamic systems, staiic and dynamics of constructions and machines,
kinematics and dynamics of machines and mechanisms, automatic control and kinematics
and dynamics of robots and manipulators The papers intended for publication must be
reviewed and should present original contributions in the field they deal with. The journal
is also open for review papers, scholarly papers presenting original interpretations of



alrcady established postulates in the afore-mentioned ficlds, as well as the papers
concerned with teaching and rescarch methodology, history and philosophy of natural and
Enginecring science with appropriate applications.

Some of the papers published in our Journal were presented on the Yugoslav
Scientific Conference on Mechanics and other scientific seminars held at the University
ol Ni§, University of Belgrade and at the Mathematical Institute of the Serbian Academy
of Arts and Sciences in Belgrade.

Editor will gladly receive all contributions of the scholars showing interest for having
their rescarch results presented 1 our Journal, provided that they are written in
accordance with the enclosed instruction for authors. We are also permanently open for
your contributions presenting current information on scientific meetings, as well as for
reviews of monographs, studies and other scholarly publications in the cited fields.

The authors should preferably submit their manuscripts in English. Thank you in
advance for future contacts and collaboration.

The papers published so far in this Series have been reported and reviewed in the
following reviews: "PedeparuBunil xyphuan - Mexannka" - Moscow, "Mathematical
Reviews", "Applied Mcchanics Reviews", "Zentralblat", and other publications, while
some ol the papers may also be found in the data-bases of certain information centers

Katica (Stevanovié¢) Hedrih,
Editor-in Chief of the Journal
FACTA UNIVERSITATIS
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BOUNDARY LAYER OF IONIZED GAS
IN THE CASE OF CHANGEABLE ELECTROCONDUCTIVITY

UDC 593951, 537.56

Branko R. Obrovi¢!, Zoran B. Bori¢i¢?, Slobodan R. Savi¢'

' Faculty of Mechanical Engineering, Sestre Janji¢ 6, 34 000 Kragujevac, Yugoslavia
* Faculty of Mechanical Engineering, Beogradska 14, 18 000 Ni§, Yugoslavia

Abstract. This paper studies ionized gas flow in the case of a concrete form of the law
of its electroconductivity change. The corresponding boundary layer equations are first
by means of suitable transformations brought to a universal form. Then the equations
are numerically solved in three-parametric approximation. Physical values and some
boundary layer characteristics are graphically presented.

1. INTRODUCTORY STUDIES, STARTING EQUATIONS

This paper studies ionized gas flow in the boundary layer on the body of arbitrary
shape. The study represents the sequence of our previous analysis of this extremely
complex case of the fluid flow. Ionized gas, that is plasma, is essentially different from
the three known aggregate states; therefore it is usually called the fourth aggregate state.

One of the main features of ionized gas is its electroconductivity. As a matter of fact,
due to ionization, and under the influence of the outer magnetic field, an electric stream
appears in the gas. The electric stream causes the appearance of Lorentz's force and
Joule's heat. Because of these two effects new members appear in the corresponding
boundary layer equations, which is not the case in the equations of homogeneous gas
which is not ionized. Therefore, in the case of ionized gas flow, equations of laminar,
steady and plane boundary layer [1], [2], in the conditions of so-called equilibrium
ionization, have the following form:

Received July 10, 1998; in revised form August 16, 1999
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d d
— (pu)+— (pv) =0,
e (pu) % (pv)

pu a_u+pva_u:—d_p+iEu_uE— O'BZM

Ox dy dx Ody dy
1
pua_h+pva_h:ud_p+u u +i ﬂa_h +O'Biu2; ()
Ox Oy dx )y oy Pr dy
u=v=0 h=h, for y=0,

u —u,(x), h-h(x) for y - o,
W=uy(y), h=hy(y) for x=x)

In these equations as well as in the corresponding boundary conditions, the symbols
common in the boundary layer theory are used for certain physical values. So, 0 B u’
represents Joule's heat. It is considered, as usually [1], that the outer magnetic field is
perpendicular to the contour of the body, and that because of a relatively small thickness
of the boundary layer the equation of this field is B,, = B, (x) .

In our earlier studies it was presumed that the electroconductivity of ionized gas could
also be presented in a form of a function only of longitudinal coordinate x, i.e. 0 = O(x).
However, some of the characteristics and parametric solutions of the ionized gas
boundary layer equations, obtained according to this form of electroconductivity law [3],
show that, among other things, it is necessary to have a concrete form of this law.
Therefore, in this paper and in this phase of our studies, it is considered that the law of
electroconductivity change is determined by the expression [4, 6]:

U,

g=0, El L E 0, = const. 2)

According to the form of the law (2), it is concluded that electroconductivity
disappears at the outer boundary of the boundary layer, i.e. 0 = 0, = 0 at this boundary.

If, by the known procedure, we exclude the pressure from the equation system (1)
then the system can take the following form:

d 0
—_ +— = 0
™ (pu) % (pv) =0,

Ou Ou du 0 u 2
-+ - = e 4+ — H-0B 1
pu Ox b dy Pette dx 0Oy EU dy E it M

0h o0h _ due u 0 o8 oh 2 2
pu —+pyv —=—-up,u, +U +—H— —HtoBu’;
Ox oy dx )y Oy OPr oy

with the unchanged boundary conditions. Here, the index "e" presents physical values at
the edge of the boundary layer.
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2. INTRODUCTION OF NEW VARIABLES

Modern parametric methods of solution of boundary layer equations are based, as it is
known, on the application of an impulse equation. In order for an impulse equation to
have the simplest form we introduce, as with similar flow problems [2], new variables s,
z and the stream function | in the form of:

X 1 y
s =—— [ p,M, dr, )= [pdy
PoMo 7 Po 7
(3)
Lo P[0, A _ow
0z pwl‘“lw Ox pO Os

] H

where the index represents conditions at the wall of the body rounded with fluid,
while Py, Mo = PoVo represent the known constant values of density and dynamic viscosity
of ionized gas.

By means of newly introduced transformations (3) the starting equation system (1')
comes down to:

a_tbazw oy a'-l’ _Pe _e+v 0 62_'-11 _ PoHo GB,ia_ljJ
0z 0s0z 0s 9z P e ds oz az* oM, p 0z’

PE
a_w%_a_ma_h:_&uedu aw+0Q _qJ +OaB_ahE|+pOU0 GB lng
0z 0s O0s Oz p " ds Oz 0z Oz[Proz O p,H, P D00z0O

4
w:a_w:()’ h:hw fOI" z=0, ()
0z

W) hehls) for z-o
0z

Floue b=k for sz
In the equation system (4) the non-dimensional function O and Prandtl's number Pr
are determined by the following expressions:

Q=—pu Pr=ucp .

P, A

)

By means of the variables (3) and by the known procedure it is relatively easy to
obtain the impulse equation based on the two equations of the system (1'). This impulse
equation can be written in its three form as:

m ] " [[]]' ]
F F
dz =Tm i:u_anﬂ.“_ff, AT:J_W; (6)
ds u, ds u, u, A u, 2

where the apostrophe represents the derivative per the longitudinal variable s.
While obtaining the impulse equation we take into consideration the parameter f, the

magnetic parameter g, the conditional thickness A" as well as the other common values
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and characteristics of the boundary layer, which are:

m A7 m m
zZ :V_’ f(S):fi:M;Z B g(S)zglzNo'Z >
0

O A

£, =2[¢- @+ H)fl+2eH,, (=2 g =2
(z/&ADE._, A

) . - (7

— pO HO — 0-OBm 0 - e u - A1
Nys)=oto oy =908 AN = L R A

ATs) = | lEl—iEdz; K5s)= | i%l—ig& dz.
0 Ye U, 0 Ye u, P

The tangential stress at the wall of the body rounded with fluid, in this case of flow, is
determined by the non-dimensional function of friction { as:

Ou p,.M, U
_u — wi=w e Z . (7|)
an % Ppo A

g8

Using the ideas from [2] we apply another transformation of variables to the equation
system (4):

_ _ B( _u,(s) A% (s)
s=s, ”(S’Z)‘Amfs)) T
. (®)
h(s,z) =R Dz(s,r]); h, +u7€:h1 =const.,

where ®(s,z) and Z(s,r]) stand for the conditional stream function and the non-

dimensional enthalpy.
The previously introduced relations and characteristics (7) can be, by means of the
newly introduced transformations (8), written as:

2
(=20 . m=4. m=l Bj ol -,
on - B B an
° o) Lo p
A= [ = ———gdn, —E- E dn;
T A

where it is presumed that the values A, 4; and B are continuous functions of the
coordinate s.

The equation system (4), after a complex derivation and by means of the
transformations (8), comes down to:



Boundary Layer of lonized Gas in the Case of Changeable Electroconductivity 957

% E‘th(z b f $3P, . _ Eﬁ;aaip_g_aﬁaaq:

on o B He g B8 p an

_uZT e e 09 oo
B> FHon ason  os on’

Q [ B+ Oob)f 0 299,00, 0 —g"—E—aﬁEE’Eﬁ=
ar] rar] on B> p on on> B> p on HHon

10
_uZT PP o _ 0P ok (10)
B> Hon as  as on
oD
=="=0, h=h, =0,
an w r]
aﬂﬁl, Z=IZ=1—K for n-o,
on
(®=d,(n), h=hM)  for  s=s)

It is pointed out that the obtained equation system (10) is different from the
corresponding equations [3], in the case when 0 = 0(x), only in sign and in the form of
the last member on the left handside of the sign of equality of the both equations
(underlined members).

Further on, the local parameter of compressibility K = f, and constants «, b exist in
the equation systems (10) and in the corresponding boundary conditions. The parameter
of compressibility satisfies the simple differential equation:

2
u

dK
K=—2 | 70U = =2kf =0, . 11
oh uZ= — f =6, (11)

3. GENERALIZATION OF BOUNDARY LAYER EQUATIONS
OF THE CONSIDERED PROBLEM AND THEIR SOLUTIONS

It is also noticed that, besides the parameters and their distributions: K, f, g, Pr, O,
p./p, the outer velocity u.(s) clearly exists in the obtained equation system (10).
Therefore the solution of the system depends on each concrete form of distribution of this
velocity. In order to avoid the noticed disadvantage instead of the transformations (8) we
apply the similarity transformations in the following form:

D] p—
K’f’g); h:hlljl(naKafag)' (12)

With the new transformations (12), the function ® and the non-dimensional enthalpy
h are not directly dependent on the longitudinal variable s but indirectly by means of

the parameters K, / and g.
By means of the relations (12) the basic equation system (4) is transformed into this
form:
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9 [ o'l aB’+0-b)f (30 /[ %ng p_eH améam
9 n 2B o B = 9 8 e 0 onfon
_ P I’ 9P 9D qaaqn _0P 9°D tDaZtD _0P 9’D ,S
BZ on ondk ok on? nonyf o an> nondg dg on’ = (13)
Epgah E‘aBz +Q-B)f o Ok 2 p, 0P, (FPOH 2K pe 049 g
2B? 6r1 B> p 6r1 on? 32 6
_uz™ tDah _ 0P oh q> _ 0P ok tDah a;oa_h g
B? n oK oK on of on og dg N AH

As it is seen not even these equations can satisfy the conditions of generalized
similarity because the members u,Z" f and u,Z"'g contain u,(s) on their right hand sides

and cannot be expressed by means of K, f, g and F),. Therefore in further researches, new
parameters are introduced. As a matter of fact, the parameters f and g, used so far, were
considered to be the first in order f=f; and g = g,, while the introduced parameters f, and
g, are the second order and they contain higher derivatives of the outer velocity u, and of
the function Ns. So, we have applied similarity transformations in this form:

m

s,z = LB

(D(n9 K, fi9 fZ’ 81> gz), h(S’Z) =hl Dﬁ(n, K, fl’ fZa 81> gz)(lzv)

It has been shown that, in this case as well, the obtained equations contain new factors
among which there are the outer velocity and its derivatives. Further detailed analysis has
determined that also in this case of ionized gas flow it is necessary to introduce two sets
of parameters in the following form:

2

_ k
fozutT w2 fy=x= e, ge=ulT NG Dz (k=1,2,3,..) (14)
1

These parameters satisfy the next known recurring simple differential equations:

u Z5 S =LKk~ fi K, fi+ S =8
u 2% gk =Lk =) i +kF, ] g4+ ot = Gy - (15)
(k=1,2,3,..)
If at the very beginning of the similarity transformations (12) we introduce the two
sets of parameters (f;), (gx); i.e. if we apply the transformations to the system (4):

m

W(s,z)= el [N, K, (i) (€], A= Oh [N, K, (f)s ()] (16)

then the system takes this form:
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F aBZ+(2 aB+Q2-h)f 3O, £ Bp, %%S iﬂé_aﬂaaﬂ:
an > B> Hp H B P onon

0o 2 e @ ad 9’0 v 9’ U
o ek@@ vo 2 v0R, 5o ve _x rof
B° Bfzo {on onodfy 9 an & on ondg, Og; o’ g

0 [0 0, al +2=h)f ¢ 0026 p. 00, DO g po WEE’E%
on Fpr on 282 on  B* p on B p on goo

(17)
1 e ® oh 0 o[, 2 ® 9 ad an {0
LGS a R a5, i_ilﬁ
B® Bi=o on of,  0fy On = on dg, Og; On g
(NJ =0, h =h, =const.  for n=o0,
“on
63—»1 h=h,=1-K for N - o,
on
(D =dy (), h = hy(n) for  K=const., f;=g;=0).
The characteristic function F,, in this case is:
2 (o]
F, =aB —bf+—EZGk—+ZGk E (18)

0gy E

Since the distribution of outer velocity u.(s) exists neither in the equation system (17)
nor in the corresponding boundary conditions, the system (17) is in that sense universal,
i.e. generalized.

The solution of this equation system is practically possible only when there is
relatively small number of parameters. Therefore, as with similar flow problems [2], the
solution is obtained by so called n - parametric approximation. If it is presumed that all
the parameters equal zero, starting from the second one, and if the derivatives per the
compressibility parameter and per magnetic parameter are neglected, which means that:

K#0, fiioa g1¢0’ f2:](3:...:0, g2:g3:.__:0,

19
3/ok =0, 9/dg, =0 (19

the system (17) becomes much simpler. In the so-called three-parametric twice
localized approximation the equation system (17) comes down to:

+(2 D 0@, e _ %ém & peé_ag%m:
an® B’Hp 5 B p on gon
_F.fi Hoo 0’0 _ o achE
B’ Ean nof, 94 an’ (20)
T 2 _ 7 2
i%g%%w +(22b)f1¢0 2K§1 P 3P o oM
on —Pr an 2B on B* p on on>

ngl peE 0o é ana oh @ﬁ%
n B fon o, o on
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0=22=0  ji=h, for n=0,
on
aﬁ -1, h= 176, =1-K for n - oo, (cont. 20)
on :

(P =Dy (n), h= 170("]) for K=const; f,=g, =0).

Under the conditions (19) the expression for the characteristic function F,, is much
simplified. In three-parametric unlocalized and twice localized approximation this
function is determined by the expressions:

aB? —bf, + 20 OB >
F = B 0K F = abB _bfl . (21)
" 1_3f0£_£ CLE " 1_£fa£,

B o5 B S ag B o,

where the correct expression for the function F), is determined by the relation (18),
that is (7).

Numerical solution of the equation system (20) is performed by the method of finite
differences, by the "progonka” procedure, where the order of the equation system was
first reduced by the usual shift u/u, = 0®/0n = ¢. For the correct solution of the system, a
program has been written in the Fortran program. A similar program developed and
applied in [5] was used while writing it.

While solving the obtained equation system (20), for the non-dimensional function Q
and for the relation of the densities p/p. , the following approximate formulas have been

used:
_ 3 _
= h) = W &z_h
Q—Q(h)~E%g, =t 22)

where the value of Prandtl's number, Pr =0,712.

These formulas represent relatively rough approximation in the case of ionized gas
flow. For the constants a, b, the usual values in the boundary layer theory have been
accepted (a = 0,4408, b = 5,7140).

Out of many obtained numerical results only some of them are shown in this paper, in
a form of the corresponding diagrams. Diagrams of non-dimensional velocity (Fig. 1,
Fig. 2, Fig. 3), non-dimensional enthalpy (Fig. 4, Fig. 5) and of some characteristics of
boundary layer (Fig. 6, Fig. 7, Fig. 8) are given here.

First of all, it should be pointed out that, as with other problems of ionized (or
dissociated) gas flow, the obtained solutions are expected, logical and acceptable.

As it is seen in the presented diagrams (Fig. 1, Fig. 2, Fig. 3), non-dimensional
velocity, for different values of compressibility parameter, convergates fastly towards
zero. The graphics non-dimensional enthalpy (Fig. 4, Fig. 5) are logical, but it is also
pointed out that the compressibility parameter has a considerable influence on the
distribution of enthalpy in the boundary conditions thus defining its value at the outer
boundary.
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The behaviour of the boundary layer characteristics (Fig. 6, Fig. 7, Fig. 8) is also
expected. However, for some values of the input parameter, an unexpected behaviour of
the characteristic 7, (7, 21) in the boundary layer has been noticed even besides making
a concrete form of the law of electroconductivity (2).

Further studies should, among other things, give a precise answer to this behaviour of
the function mentioned. That's why while solving the obtained equation system (20), as
with [5], the correct expression (7) has been used for the characteristic function of the

boundary layer F,,.
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GRANICNI SLOJ JONIZOVANOG GASA ZA SLUCAJ
PROMENLJIVE ELEKTROPROVODNOSTI

Branko R. Obrovié, Zoran B. Bori¢i¢, Slobodan R. Savi¢

U radu se istraZuje strujanje jonizovanog gasa za slucaj konkretnog oblika zakona promene
njegove elektroprovodnosti. Odgovarajuce jednacine granicnog sloja su prvo pogodnim
transformacijama dovedene na univerzalni oblik. Zatim su jednacine numericki resene u
troparametarskom priblizenju. Graficki je prikazano ponasanje fizickih velicina i nekih
karakteristika granicnog sloja.
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